The purpose of this article is to investigate the geometry of the set of locally diagonalizable bipartite quantum states. Instead of characterizing which bipartite quantum states may be locally diagonalizable except the two-qubit situation, we calculate the Hilbert-Schmidt volume of all locally diagonalizable bipartite quantum states. Besides, we partition the set of all locally diagonalizable states as local unitary orbits (or co-adjoint orbits) of diagonal forms. It is well-known that the Riemannian volume of a co-adjoint orbit for a regular point in a specified Weyl chamber can be calculated exactly by Harish-Chandra's volume formula. By modifying Harish-Chandra's volume formula, we firstly give a specific formula for the Riemannian volume of a co-adjoint local unitary orbit of a regular point in a specified Weyl chamber.
Introduction
Qubits and qubit quantum channels are the simplest building blocks for quantum information processing and quantum computations. A qubit is the quantum analog of the classical bit; a qubit quantum channel is just the quantum analog of the transition probability matrix. Recently, Lovas and Andai [11] analyze the structure of these qubit channels by duality between quantum maps and quantum states, i.e., via ChoiJamiłkowski correspondence [19] . They give a calculation about the (Euclid) volume of general and unital qubit channels (real and complex case) with respect to the Lebesgue measure. For unital qubit channels, they are essential equivalent to two-qubit states with the same marginal states-completely mixed states via Choi-Jamiłkowski representation.
In the recent decades, the geometric separability probability of bipartite systems, i.e., the ratio of volumes of the set of separable bipartite states to the set of all bipartite states on the same tensor space of two Hilbert spaces, has been extensively studied. In 1998,Życzkowski et al. raised this question and gave a detailed discussion about it [18] . In order to solve this problem, as suggested by the definition of separability probability, we must calculate two volumes: (1) the volume of the set of all states acting on the same Hilbert space; (2) the volume of the set of all separable states acting on the bipartite Hilbert spaces.
Luckily, the volume of the set of all states with respect to the Hilbert-Schmidt measure was computed byŻyczkowski [21] and Andai [1] . Later a detailed reasoning for such volume formula was reviewed by Zhang [17] . One of the simplest but very difficult problem is to compute the separability probability of two-qubit quantum states with respect to the Hilbert-Schmidt measure. Numerical simulations leads an intriguing formula for separability probability, presented in 2013 by Slater [16] : the separability probability for real two-qubit state is Now the separability probability for real two-qubit state being 29 64 has been proved by Lovas and Andai [12] . But the separability probability for complex two-qubit being 8 33 is still open at present. The purpose of this article is to infer some information about the set of bipartite quantum states which may be locally diagonalizable. Instead of characterizing which bipartite qudits may be locally diagonalizable, we calculate the volume of all bipartite quantum states that are locally unitary equivalent to some diagonal matrix. It is well-known that the volume of a co-adjoint orbit for a regular point in a specified Weyl chamber can be calculated exactly by Harish-Chandra's volume formula. By modifying Harish-Chandra's volume formula, we firstly give a specific formula for the volume of a co-adjoint local unitary orbit of a regular point in a specified Weyl chamber. As an application, we calculate the volume of the set of all bipartite quantum states that are locally unitary equivalent to some diagonal quantum states.
The paper is organized as follows. After introducing basic notions used in the present paper, in Sect. 2, we give a derivation of joint probability distribution density of all eigenvalues of all locally diagonalizable bipartite states. At this section, we present a necessary and sufficient condition for two-qubit being locally unitary (LU) equivalent to a given diagonal form. Sequentially, we prove one of our main results (Theorem 2.6). In Sect. 3, we present demonstration of Harish-Chandra's volume formula in the explicit case such as unitary group and the tensor product of two unitary groups. First main result (Theorem 3.5) in this section lead to the analytical formula of the volume of tensor product of two unitary groups. Subsequently, such formula is applied to study the local unitary orbit of a diagonal form. The second main result (Theorem 3.8) in this section leads to a conclusion that the volume of locally co-adjoint orbits of tensor product is exactly the product of volumes. We conclude Sect. 4 with discussion and several open problems.
Volume of the set of all locally diagonalizable states
Suppose that we are given two finite-dimensional Hilbert spaces H and K. Specifically, let H = C m and K = C n . Chose the standard basis {|i } m i=1 and {|j } n j=1 for C m and C n , respectively. A qudit is represented by a positive semi-definite matrices of unit trace. Denote by D C k the set of all k × k density matrices.
By this, a bipartite qudit is represented by a density matrices in D (C m ⊗ C n ). Throughout this paper, we do not distinguish the meaning of a state and a density matrix. That is, we view both as the same thing.
A bipartite state ρ AB is separable if it can be written as a probabilistic mixture of product states
Here {p µ } µ is a probability distribution. A bipartite state is called entangled if it cannot be written as a probabilistic mixture of product states. It is well-known that each Hermitian matrix can be diagonalized by the adjoint action of a unitary matrix via Spectral Decomposition Theorem. In view of this, we see that a bipartite state ρ AB ∈ D (C m ⊗ C n ) can be diagonalized by some global unitary matrix U ∈ U(mn), the unitary group consisting of all unitary matrices on C m ⊗ C n . That is,
where † denotes the adjoint. Note that all eigenvalues λ ij of ρ AB are indexed by two indices.
A bipartite state ρ AB is said to be locally diagonalizable if it can be brought to be the diagonal form
Here we can require that U A ∈ SU(m), U B ∈ SU(n). Denote the set of all locally diagonalizable bipartite states from D (C m ⊗ C n ) by the following notation
Whether a bipartite state is locally diagonalizable is intimately related to the question of the so-called local unitary equivalence. Let ρ and ρ ′ be two bipartite states in D (C m ⊗ C n ). They are called locally unitary
for some unitary matrices U ∈ SU(m) and V ∈ SU(n). 
That is,
where
-dimensional probability simplex. Also, T (m) and T (n) denote the maximal tori of Lie groups U(m) and U(n), respectively. More on this in
Besides, the set of all product mixed states forms a (m 2 + n 2 − 2)-dimensional subset of the whole state space. 
Then it must be of the form: 
Note that
Therefore, we get
The Hilbert-Schmidt volume element is given by defined on the flag manifold U(n)/T (n) . They can be described in terms of Haar measure defined over Lie groups U(m) and U(n). Specifically,
By such interpretation, we see that
In most cases of this paper, we will focus on two-qubit situation since relevant analytical computations to two-qubit case can be performed. Let us recall the notion of the Bloch sphere representation. In quantum mechanics, the Bloch sphere is a geometrical representation of the pure state space of a two-level quantum mechanical system (qubit). Any qubit state can be represented by Pauli matrices:
Here the vector r(ρ) is called the Bloch vector of ρ and is restricted to have r(ρ) := r 2 x + r 2 y + r 2 z 1.
Here σ = (σ x , σ y , σ z ) is the vector of Pauli's matrices where
with properties
(2.14)
It also holds that communication relations 15) and anti-communication relations
This means that the adjoint action of a unitary matrix U ∈ SU(2) on a qubit state ρ amounts to a rotation of the corresponding Bloch vector of ρ. With this Bloch sphere representation of a qubit, we have that any two-qubit state can be written as
From this, any two-qubit is given by the 3-dimensional real column vectors r, s ∈ R 3 , and the real 3 × 3 matrix T = (t ij ) ∈ R 3×3 . Now both two-qubit states ρ AB and ρ ′ AB are locally unitary (LU) equivalent, i.e., 
In order to answer which two-qubits are locally diagonalizable, we need the notion of X-states: the density matrix of a two-qubit X-state is of the general form:
This expression describes a quantum state, ρ X ∈ D C 2 ⊗ C 2 , provided the unit trace and positivity conditions:
. Note that the Hilbert-Schmidt volume of the set of all two-qubit X-states is calculated in [14] : 
and
Moreover all eigenvalues of such state are given by By using this result, we have that, for Λ = diag(λ 1 , λ 2 , λ 3 , λ 4 ), 
Proof. For any generic two-qubit density matrices ρ ∈ D LU (C 2 ⊗ C 2 ), it can be parameterized as follows:
where Λ = diag(λ 1 , λ 2 , λ 3 , λ 4 ) with λ j 's being pairwise different and ∑ j λ j = 1. Thus
Note that [17] vol
Next we will calculate the above last integral. Clearly we have
Then the following four integrals are equal:
it follows that
Therefore,
Based on this fact, we get that
Finally, we can draw our conclusion as follows: 
Theoretically, we can write down the volume formula. But, however, such expression for this volume formula will be rather complicated.
Harish-Chandra's volume formula
Let U(m) be the unitary group acting on C m with Lie algebra u(m). Denote by T (m) the maximal torus of U(m), and t (m) ∼ = √ −1R m is its Lie algebra. Without loss of generality, we take t (m) as the set of diagonal matrices with purely imaginary diagonal entries. Let K = U(m) ⊗ U(n). Then its Lie algebra k may be described as
Moreover, the Lie algebra t of the maximal torus T = T (m) ⊗ T (n) of K may also described as, in terms of t (m) and t (n) ,
It is a routine exercise to see that dim
3)
It goes without saying that, for volumes of quotient spaces, we shall use quotient measures. where T (n) ∼ = U(1) ×n is the maximal torus of unitary group U(n). It suffices to find all positive roots for u(n). The set of all positive roots of u(n) is given by
Proposition 3.1 (Harish-Chandra's volume formula, [3, 6]). Let K be a compact, connected Lie group. Let T be the maximal torus of K. The Riemannian volume of the flag manifold K/T is given by
We can view a diagonal matrix X as a real vector X = (x 1 , . . . , x n ). In turn, we may view α ij as the real
where · stands for zeroes, so that we have α ij (X) = α ij , X . Then
Let {e j : j = 1, . . . , n} be the standard orthonormal basis for R n . Then α ij = e i − e j and ̟ = ∑ j n+1
we have
Concerning the volume of unitary groups and orthogonal groups, we have given a comprehensive treatment in more elementary approach in [17] . 
, and on such intersection, α (m) ⊗ τ n yields the value 0 because α (m) depends only on the differences in the diagonal entries). We denote this extension bỹ
Symmetrically, for each root α (n) of u(n), we denote byα (n) the purely imaginary-valued R-linear map t → C obtained by extending τ m ⊗ α (n) by zero.
The root space associated withα
Proof. Take the root space decompositions
Here, u(p) C (p = m or n) denotes the complexification of u(p). Then,
We need to show that
's are root spaces for k. Take an arbitrary
is a root space for k.
We have demonstrated so far that
To show that this is a disjoint union, we claim
Since root spaces are 1-dimensional, our claim is equivalent to saying that
The argument goes as follows: Say X ∈ u(m) α (m) and Y ∈ u(n) α (n) . As root vectors, the nonzero entries of X and Y are all off-diagonal. Now suppose X ⊗ 1 n = 1 m ⊗ Y. Because all diagonal entries of both X and Y are zero, then it is easy to see that both X and Y are zero matrices. This completes the proof.
With the above Proposition 3.4, one may calculate the volume vol(K) theoretically for K = U(m) ⊗ U(n) using Harish-Chandra's volume formula:
where Φ + k is the set of all positive roots for k = u(m)
Similarly, we have
Therefore we can draw the following conclusion:
As a consequence, with
In particular, for (m, n) = (2, 2), we have
Proposition 3.6 ([3]). Let K be a compact, connected Lie group of which T is a maximal torus. Let λ be a regular
Example 3.7. Consider the unitary group U(n) and λ ∈ R n with λ 1 > · · · > λ n . The Hilbert-Schmidt inner product gives the identification of iu(n) * and iu(n). Adjoint and coadjoint orbits of compact Lie groups U(n) can be identified, using any Ad(U(n))-invariant inner product on the Lie algebra u(n). In the following, we calculate the volume of an adjoint orbit Ad(U(n))Λ for Λ ∈ √ −1t where t is the maximal torus of diagonal matrices from iu(n), i.e.,
Continuing with the description of the positive roots of u(n) given in Ex. 3.3, we have, by Eq. (3.30),
Moreover, the Lie algebra t of the maximal torus 
Proof. In fact, using the obtained positive roots for k, we have
The proof is done.
Essentially, Theorem 3.8 give a formula for the volume of local unitary orbit of product form, i.e.,
Corollary 3.9. Assume that the local unitary orbit, of a generic probability distribution
Then the Riemannian volume of such local unitary orbit is given by
Proof. It is a direct consequence of Theorem 3.8. 
Meanwhile, with the restriction 
is a maximally entangled basis for C n ⊗ C n (see also for its generalization in [7] ). Note that the notation vec(M) is the vectorization of a complex rectangular matrix M, which is defined by vec(M) = ∑ i,j M ij |ij , where M = ∑ i,j M ij |i j|. Thus exists a global unitary matrix V ∈ U(d 2 ) such that 
We can get the volume vol(D (C n )) through the volumes vol(O Λ ) in terms of Duistermaat-Heckman measure [5] .
3. Can we establish some kind of "canonical form" for any bipartite state just like establishing Singular
Value Decomposition (SVD) for any complex matrix and/or Spectral Decomposition for any normal matrix, especially for any two-qubit states? And how?
4. Because C(ρ A , ρ B ) is a compact convex set, its volume can be calculated in theoretical. To the best of our knowledge, analytical expression for its volume is never found out. But, recently, we find that a formula is obtained for C(1/2, 1/2). That is, vol(C(1/2, 1/2)) = 2π 4 315 [11] . Here we identify C(1/2, 1/2) with the set of all unital qubit quantum channels via Choi-Jamiłkowski isomorphism. The problem about the calculation of the volume of C(1/2, 1/2) is previously raised in [17] .
In summary, we make an analysis of the geometry of locally diagonalizable states, and calculate its Hilbert-Schmidt volume. Theoretically, although we work out analytical formula for it, a specific value is just presented in the two-qubit situation. In addition, we have obtained the necessary and sufficient condition for two-qubit state being LU equivalent to a given diagonal form. But, however, the problem in a high dimensional space is still open. After introducing Harish-Chandra's volume formula for co-adjoint orbit, we turn to the geometry of local unitary orbits. We find that Harish-Chandra's volume formula can be applied to calculate the volume of local unitary orbits. As by-product, we get the volume formula of tensor product U(m) ⊗ U(n) as a compact Lie subgroup of the compact Lie group U(mn). Although this is a direct consequence of Harish-Chandra's volume formula, it is never given explicitly before. We believe these results obtained and questions raised in the paper can shed new lights and spur relevant researches in quantum information theory.
